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A b s t r a c t

T h e H a milt o n C y cl e P r o bl e m ( H C P) i s o n e of t h e cl a s si c al pr o bl e m s i n c o m bi n at ori c s. T h e pr o bl e m

i s t o d e ci d e if a gi v e n gr a p h G c o nt ai n s a c y cl e t h at vi sit s e a c h n o d e e x a ctl y o n c e. C y cl e s t h at p a s s

t hr o u g h e v er y n o d e of a gr a p h e x a ctl y o n c e ar e c all e d H a milt o n c y cl e s . If a gr a p h c o nt ai n s at l e a st

o n e H a milt o n c y cl e, t h e n it i s c all e d H a milt o ni a n . Ot h er wi s e, it i s n o n- H a milt o ni a n .

It i s k n o w n t h at t h e H C P i s N P- c o m pl et e, s o it is u nli k el y t h at t h er e i s a n e x a ct al g orit h m w hi c h

t er mi n at e s i n p ol y n o mi al ti m e a n d s ol v e s t h e pr o bl e m i n g e n er al. H o w e v er, t h er e ar e m a n y v er y

s u c c e s sf ul h e uri sti c s, a n d a l ot of r e s e ar c h h a s b e e n d o n e t o w ar d s a t h e or eti c al u n d er st a n di n g of t h e

p erf or m a n c e of t h e s e al g orit h m s. I n p arti c ul ar, t h er e i s a n e xt e n si v e lit er at ur e o n al g orit h m s f or

fi n di n g H a milt o n c y cl e s i n r a n d o m gr a p hs. N e v ert h el e s s, s o m e q u e sti o n s i n t hi s ar e a ar e still o p e n

( s e e, f or e x a m pl e, [ 2 8 ]).

I n 1 9 9 4, Fil ar a n d Kr a s s [2 4 ] pr o p o s e d a n e w a p pr o a c h t o t h e H C P b a s e d o n t h e t h e or y of M ar k o v

D e ci si o n Pr o c e s s e s ( M D P s). T h eir a p pr o a c h i niti at e d a n e w li n e of r e s e ar c h st u d yi n g v ari o u s cl o s el y

r el at e d p ol yt o p e s c o n str u ct e d fr o m a n i n p ut gr a p h G . I n p arti c ul ar, t w o p ol yt o p e s d e p e n di n g o n a

p ar a m et er β , 0 < β < 1 , w er e i ntr o d u c e d i n [2 1 ]. We r ef er t o t h e s e p ol yt o p e s a s H β (G ) a n d W H β (G ).

T h eir p oi nt s c orr e s p o n d t o di s c o u nt e d o c c u p ati o n al m e a s ur e s i n d u c e d b y t h e M D P p oli ci e s.

T h er e i s a c orr e s p o n d e n c e b et w e e n t h e H a milt o n c y cl es of a gi v e n gr a p h G a n d s p e ci fi c e xtr e m e

p oi nt s of t h e p ol yt o p e s m e nti o n e d a b o v e. A s a c o n s e q u e n c e, t h e s e p ol yt o p e s c a n b e utili s e d a s t h e b a si s

f or a s a m pli n g- b a s e d r a n d o m w al k al g orit h m t o s e ar c h f or H a milt o n c y cl e s. T h e e s s e nti al c o n diti o n s

f or t h e e ffi ci e n c y of t hi s a p pr o a c h ar e (i) e xi st e n c e of s u ffi ci e ntl y m a n y e xtr e m e p oi nt s c orr e s p o n di n g

t o H a milt o n c y cl e s, (ii) r a pi d mi xi n g of t h e r a n d o m w al k, a n d (iii) p ol y n o mi al r u n-ti m e f or a si n gl e

st e p i n t h e r a n d o m w al k. T h e t hir d c o n diti o n i s al w a y s s ati s fi e d f or t h e w al k o n t h e f e a si bl e b a s e s a s

i n t hi s c a s e t h e st e p s ar e, i n f a ct, pi v ot s i n t h e si m pl e x al g orit h m.

I n t hi s t h e si s, w e m a k e t h e o b s er v ati o n t h at if w e a s s u m e t w o wi d el y b eli e v e d c o nj e ct ur e s i n

c o m pl e xit y t h e or y ( P = N P a n d P = B P P ) t h e n t h e t hr e e n e c e s s ar y c o n diti o n s c a n n ot h ol d i n

f ull g e n er alit y. H o w e v er, t hi s d o e s n ot r ul e o ut t h at t h e a p pr o a c h w or k s f or p arti c ul ar cl as s e s of

gr a p h s. I nt er e sti n gl y, t h e al g orit h m fr o m [ 3 0 ] f or t h e r a n d o m r e g ul ar gr a p h c a n b e i nt er pr et e d a s a

s a m pli n g- b a s e d s e ar c h al g orit h m o n t h e n o d e s of t h e p ol yt o p e W H 1 (G ) w hi c h i s o bt ai n e d b y s etti n g

β = 1 i n t h e d e fi niti o n of W H β (G ). T hi s gi v e s ri s e t o t h e f oll o wi n g q u e sti o n, w hi c h m oti v at e s t h e
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research presented in this thesis: Does sampling extreme points (or feasible bases) of polytopes H � (G),
WH � (G) and WH 1(G) solve any of the algorithmic questions for random graphs that are still open?
In this thesis, we make some progress towards answering this question by establishing combinatorial
results on the structure of these polytopes.

Results on H � (G): We characterise the feasible bases of this polytope for a general input graph.
Furthermore, we determine the expected numbers of different types of extreme points and feasible
bases when the underlying graph is random. Our results indicate that the total number of feasible
bases of the polytope H � (G) grows exponentially faster than the number of Hamiltonian bases for an
input random graph, and a similar result is true if we consider extreme points instead of feasible bases.
As a consequence, sampling extreme points or feasible bases of this polytope cannot lead to an efficient
sampling-based algorithm. We present some computational evidence that the behaviour of WH � (G)

is more promising, which provides the motivation for a more in-depth study of this polytope.

Results on WH � (G): We present two general results about the structure of feasible bases for
the polytope WH � (G). First, we show that the set of feasible bases is independent of � when the
parameter is close to one. This ensures that we can study the combinatorics of the polytope without
worrying about numerical issues caused by values of � very close to 1. Second, we show that WH � (G)

can be interpreted as a generalised network flow polytope. This connects the polytope to some classical
combinatorial optimisation, and allows us to prove strong statements about the combinatorial structure
of the feasible bases. For a particular class of feasible bases, we provide a complete characterisation,
and we deduce a recursion formula for the number of feasible bases of a particular type within this
class.

Results on WH 1(G): We discuss that sampling extreme points of this polytope corresponds to
sampling extreme points of the perfect matching polytope for an auxiliary graph associated with the
input graph G. Thus, the known results about sampling perfect matchings can be used for sampling
extreme points of this polytope. Besides, we demonstrate that the number of Hamiltonian extreme
points of this polytope is within a polynomial factor of the total number of extreme points when the
input graph is a moderately dense random directed graph. Also, we show that the expected number
of Hamiltonian bases is within a polynomial factor of the expected total number of feasible bases.
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